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Appendix E Comparisons of allopatric and sym-
patric densities and extinction sequences
induced via increased mortality

Appendix E.1 Summary of approach and results

The sympatric density for each predator is determined by its equilibrium density at P;.
The allopatric density for N is determined by the equilibrium density at either Pg, y;,
Pp,n;, or P3n,. The equilibrium to be used is determined by the unique globally
stable attractor in the three-species subsystem with N;, Ry, and R,. (Recall from
appendix B that bistability in the three-species subsystem prevents coexistence of all
four species.) If all three species coexist, then the allopatric density is determined
by Ps ;. If stable coexistence of all three species is not possible, then the allopatric
density is determined by (i) Pg,n, where i # j when A, A < 0 or (i) Pg,n, where
1 = 7 when A, A > 0. Recall that we assume A and A have the same sign. For the
remainder of this section, unless otherwise stated, we use allopatric density to refer to
the density at the equilibrium that is globally stable in the three-species subsystem.

To make analytical predictions about the relations between the allopatric and
sympatric densities, we use the derivatives ON /0dy. To do this we start with pa-
rameter set p* where the coexistence equilibrium P, exists and then determine how
the densities at P, and the densities at the boundary equilibria change as one of the
mortality rates is increased or decreased. If the densities at Py and the boundary
equilibria change in opposite directions, we can determine the relations between the
sympatric and allopatric densities for the parameter set p*. For example, assume
that as dy is increased, the density of Ny at P, increases, the density of Ny at Ps y,
decreases, and N; goes extinct before any prey species go extinct. Then we know
that the density of Ny at P, is less than the density of Ny at P y, for the parameter
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set p*. If the densities at the equilibria change in the same way, then we cannot de-
termine the relations between the allopatric and sympatric densities. For instance, if
instead the densities of Ny at P, and Ps y, increase as ds is increased, then we cannot
determine which density is larger using this method.

All of our analytical results are presented at the end of this subsection in theorems
1 and 2. Those results are summarized in Tables E1 and E2, respectively, where
parameter space is partitioned based on the signs of equations (C1) through (C4).
Note that many of the conditions in Tables E1 and E2 involving the two-species
equilibria Pg,n; hold only if P3 y, has negative entries. When P y, is a saddle point
with positive entries, one of the two-species equilibria Pg, y, will be globally attracting.
In these cases, the allopatric density at that globally attracting equilibrium can be
greater than or less than the sympatric density at P;. Exceptions, where the relations
between the densities at Pg,n; and P, are independent of the positivity of P3 ., are
denoted by daggers (t) in Tables E1 and E2.

Also note that while the proofs of our results depend on the signs of A and A,
the interpretation of the results is the same for both cases. Our general results are
summarized in Table E3 where we list all possible relations between the allopatric
and sympatric densities for each region of parameter space defined by the signs of
equations (C1) through (C4). In some regions of parameter space the relations be-
tween the allopatric and sympatric densities can always be determined for one or both
predators. The allopatric densities are always higher than the sympatric densities for
both predators in the regions defined by the sign structures {+ + ——}, {+ + +—},
and {+ + —+}. For all of the rows in Table E3 where mutualism is not listed as a
possible interaction (e.g., the third row denoted by {—+ +—1}), the allopatric density
is always higher than the sympatric density for at least one predator. Note that for
the regions where mutualism is a possibility, the relations between the allopatric and
sympatric densities are not constant throughout the region of parameter space and it
is possible to infer any of the indirect interactions in those regions.



Table E1: Relations between the allopatric and sympatric equilibrium densities when A, A > 0

Region* Pgr, N, Density™™  Pr,n, Density™  P; n, Density Pr, N, Density*™  Pr,n, Density™  P; n, Density

{++—-—=} Ni(Pr,n,) >N N1(P3 nM) >Ny No(Pg,n,) > No NQ(P3 Ny) > No
{+++—} Ni(Pr,n,)>N1 Ni(Pg,n,)>N{ Nl(P3 N,) > Ni Na(Ppyn,) > N3 No(Psn,) < Ny
{—++-} Vi(Pr,n,) > Nj Nl(Ps Ny) < No(Pryn,) > N3 No(Psn,) < No
{——+-} Vi(Pr,n,) > Nj Nl(Ps N1) <N¢ Na(Pr,n,) > No Ny(Ps n,) > No
{—+++} Vi(Prony) > N Ni(Poy,) <N1 Na(Pr,n,) > Noo No(Pryn,) > N§ - No(Psn,) > Nj
{——++} Vi(Prony) > N1 Ni(Pony) > NP No(Pry,) > N Ny(Psw,) > N}
{—+-—} Vi(Pr,n,) > Nj Nl(Ps Ny) <N Na(Pgr,n,) > N2 Na(P3n,) > No
{—+—+} Vi(Prony) > N1 Ni(Psn,) > N1 No(Pryn,) > N2 No(Pryn,) > N2 No(Psn,) > Ny
{———+} Vi(Pr,n,) > N Nl(Ps N) > N1t Na(Prn,) > Nj No(Ps,n,) < Nj
{—+—+} Ni(Pg,n,)>N1 Ni(Pg,n,)> N J\71(1>3 N) > NP Ny(Pr,n,) > No No(Ps n,) > Ny
{+ =44} Ni(Pr,n,) >N Ni(Pg,n,) > N Nl(Pg N < N¢ Ny(Pg,n,) > N No(Ps.n,) > N}
{++—+} Ni(Pr,n,) >N Nl(Pg N) <N Nao(Pr,n,) > NJ  No(Pr,n,) > Na  Ny(Psn,) > Ni
{+ ===} Ni(Pr,n,) >Ny Nl(Pg N,) > N1 Ny(Pg,n,) > NJ No(P3.n,) < No
{———1} N1i(Pryn,) > N{ Nl(Ps Ny) < Ni _Q(PRlNg) > NJ Ny(Ps n,) < Ny
{+-—+} Ni(Pr,n,) > D] Ni(Ps.v,) < N1 No(Pryn,) > Nj Ny(Ps n,) < Ny

N7 and N; denote the sympatric equilibrium densities at Pj. Nl( -) and NQ(-) denote the allopatric equilibrium densities
at the two-species equilibria. Nl() and NQ() denote the allopatric equilibrium densities at the three-species equilibria.
*Regions of parameter space are defined by the signs of the derivatives in equations (C1) through (C4), respectively.

** Comparisons involving the two species equilibria (i.e., N;(Pg,n;) > N;) are guaranteed to hold only if the equilibrium
N;(Ps3 ;) does not exist. Exceptions are denoted by f, i.e., { denote relations between N;(Pg,n;) and N; that always
hold.

! The determinant of the Jacobian evaluated at P, N; 1s positive, implying that generic solutions will tend to one of the
two species equilibria. Because of this, the relation between the three-species allopatric density and sympatric density is
not biologically meaningful.



Table E2: Relations between the allopatric and sympatric equilibrium densities when A, A < 0

Region* Pgr, N, Density™™  Pr,n, Density™  P; n, Density Pr, N, Density* Pr,n, Density*™  P3 y, Density

{++-—-} Ni(Pr,n,) > N1 Ni(Ps,n,) > Ny No(Pg,n,) > No N (Ps,n,) > N2
{+++-} Ni(Pr,n) >N Ni(Pron,) > M Nl(Ps Ny) >Ni No(Pr,n,) > N} Ny(Ps n,) < Na
{—++-} Ni(Pr,n,)>DN{ Nl(Ps Ny) < No(Pr,n,) > N} Ny(Ps n,) < Na
{—-—+-} Ni(Pr,n,)>DN{ Nl(Ps Ny) <N¢ Ny(Pg,n,) > N2 Na(Psn,) > No
{—+++} Ni(Prn,) >N Ni(Ps ;) <N1 Na(Pr,n,) > Ni - No(Pryn,) > N2 No(Psn,) > Nj
{=—++} Ni(Pr,nv,) > M Ni(Psn,) > N} Na(Pryn;) > N2 No(Pyn,) > Nj
{—+-—=} Ni(Pr,n,)>DN{ N1(P3 N) <N Na(Pg,n,) > Na Ny(Ps n,) > Ny
{—+—-+} Ni(Pr,n,) > M Ni(Ps.n,) > Nt Na(Pryn,) > No Na(Pryw,) > No o No(Pan,) > Nj
{-——+} Ni(Pr,n,) > M Nl(P3 N) >N Na(PryN,) > Nj  No(Psn,) < Nj
{+—+-} Ni(Prvi) >N Ni(Pgow) >N Ni(Paw,) > N Vo(Pryn,) > Noo Na(Psn,) > No
{+ —4++} Ni(Pr,n,)>N1 Ni(Pr,n,)> N} Nl(Pg N < N¢ No(Pr,n,) > N§  Ny(Ps n,) > Ni
{++—+} Ni(Pgony) > N Ni(Psn,) < Nio No(Pryw,) > No o Na(Pron,) > Ng - No(Pa,) > N
{+-——1} Ni(Pr,n,) > N1 Nl(Ps Ny) > Ny No(Pryn,) > Ni - Nao(P3n,) < No
{—-——} Ni(Pr,n,)>DN{ Nl(Ps Ny) < N1 No(Pryn,) > NJ No(Psn,) < Ny
{+—-—+} Ni(Pryn,) > NI Ni(Psn,) < Ny No(Pr,n,) > NT Na(Ps n,) < N}

N7 and N; denote the sympatric equilibrium densities at Pj. Nl(-) and NQ(-) denote the allopatric equilibrium densities
at the two-species equilibria. Nl() and NQ() denote the allopatric equilibrium densities at the three-species equilibria.
*Regions of parameter space are defined by the signs of the derivatives in equations (C1) through (C4), respectively.

** Comparisons involving the two species equilibria (i.e., N;(Pg,n;) > N;) are guaranteed to hold only if the equilibrium
N;(Ps3 ;) does not exist. Exceptions are denoted by f, i.e., { denote relations between N;(Pg,n;) and N; that always
hold.

! The determinant of the Jacobian evaluated at P, N; 1s positive, implying that generic solutions will tend to one of the
two species equilibria. Because of this, the relation between the three-species allopatric density and sympatric density is
not biologically meaningful.
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Table E3: Possible relations between allopatric and sympatric densities and the resulting inferred indirect interaction

Region* Possible Ny Relations Possible Ny Relations Classifications’
{++——} Allop. > Symp. Allop. > Symp. Comp.

{+++-} Allop. > Symp. Allop. > Symp. Comp.

{—++-} Allop. > Symp.; Allop. < Symp. Allop. > Symp. Comp., Contra.
{——=+-} Allop. > Symp.; Allop. < Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra., Mut.
{—+++} Allop. > Symp.; Allop. < Symp. Allop. > Symp. Comp., Contra.

{— —=++} Allop. > Symp.; Allop. < Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra., Mut.
{—+—=} Allop. > Symp.; Allop. < Symp. Allop. > Symp. Comp., Contra.

{—+ —+} Allop. > Symp.; Allop. < Symp. Allop. > Symp. Comp., Contra.
{———4} Allop. > Symp.; Allop. < Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra., Mut.
{+ —+-} Allop. > Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra.

{+ —++} Allop. > Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra.

{++ —+} Allop. > Symp. Allop. > Symp. Comp.

{+ —-—-=} Allop. > Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra.
{———=} Allop. > Symp.; Allop. < Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra., Mut.
{+ —-—+} Allop. > Symp. Allop. > Symp.; Allop. < Symp. Comp., Contra.

Entries in columns 2 and 3 that have multiple relations imply that the allopatric density can be higher or lower than the
sympatric density in that region.

*Regions of parameter space are defined by the signs of the derivatives in equations (C1) through (C4), respectively.

T Classifications are indirect competition (Comp.), indirect mutualism (Mut.), and indirect contramensalism (Contra.).
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Appendix E.2 Statement and proof of results

Here we present our analytical results about the relations between the allopatric and
sympatric densities of the predators. Each theorem presents the relations between
the allopatric and sympatric based on the signs of the derivatives (C1) through (C4).
Theorem 1 addresses the case where A > 0. Theorem 2 addresses the case where
A < 0. Due to the similarity of the proofs, only the proof for statement (a) of
theorem 1 is presented at the end of this subsection.

Theorem 1. Assume A > 0. Let p* denote a parameter set such that Py has positive
entries and let di and d5 denote the predator mortality rates. Denote the entries
of Py by [Ri(Py), R5(Py), Ny(Py), N3 (Py)]. Let di; < df < dy, denote the range
of di values such that N{(Py) and N3 (Py) are nonnegative for all other parameters
fized at p*. Let doy < di < dyy denote the range of dy values such that Ny (Py)
and N3 (Py) are nonnegative for all other parameters fived at p*. Let Py, (d;) =

[R1(Ps N, d;j), Ro(Ps v, dj), Nj(Psn,. dj)] denote the solution to R%% =0, R%% =
0, N%-% = 0} where the mortality rate of N; is d; and all other parameters are fived

at p*. Note that Ps n,(d;) may have non-positive entries. Denote the entries of the

boundary equilibria Pr,y,; for p* by [Ri(Pr,n;), Nj(Pr.n;)]. Let § = —ON; /0dy(Py)
and § = —ON; /0d,(Py).

(a) Assume ON{/Ody < O and ON3/O0dy > 0 at Py. (i) If Psn,(d5) has positive
entries, then No(Psn,,ds) > N3i(Py). Otherwise, Ny(Pr,n,) > Nj(Py). (ii) If
AA(1 — a?)/§ < 0 and P3n,(dy) has positive entries for dy € [dy;,di], then
Ni(Ps .y, di) > Ny (Py).

(b) Assume ON;/0d; > 0 and ON3/0d, > 0 at Py. (i) Then Ny(Pr,n,) > Nj(Py)
and No(Pryn,) > Ni(Py). (i) If AA(1 —a?)/§ > 0 and Psn,(d1) has positive
entries for dy € [dy;,di], then Ny(Psn,,d?) < Ni(Py). (ii) If Pspn,(d}) has
positive entries, then No(Psn,, d3) < N3 (P,).

(c) Assume ON;/0dy > 0 and ON3/0d, < 0 at Py. (i) If AA(1 —a?)/§ > 0 and
Ps n,(dy) has positive entries for dy € [df,dyp], then Ni(Psy,,d) > NF(Py).
If Psn,(dy) has non-positive entries for some dy € [d},dy ], then Ny(Pgr,n,) >
N (Py). (i) If Psn,(d5) has positive entries, then No(Ps.n,, d3) > Nj(Py). Oth-
erwise, No(Pr,n,) > N3 (Py).

(d) Assume ONY/ddy < 0 and ON5/ddy < 0 at Py. (i) No(Pryn,) > N3(Fy). (ii)
If Ps n,(d5) has positive entries, then No(Psn,,ds) < Ny(Py). (iii) If AA(1 —
a?)/6 < 0 and Py, (dy) has positive entries for dy € [df, dy ], then Ny(Psn,, dt) <
Ny (Fy).

(e) Assume ONT/Ody > 0 and ON5/0dy < 0 at Py. If Psn,(d}) has positive entries,
then Ni(Psn,,d;) > N;i(Py). Otherwise, Ni(Pgr,n,) > Ni(Py). (ii) If AA(1 —
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a?)/6 < 0 and Py n,(dy) has positive entries for dy € [dyy, d3), then No(Ps n,, d) >
N5 (Fy).

(f) Assume ON;y/ddy > 0 and ON;/ddy > 0 at Py. (i) Then Ni(Pr,n,) > N;i(P))
and No(Pgr,n,) > N3 (Py). (i) If AA(1 —a?)/6 > 0 and Psn,(dsy) has positive
entries for dy € [dyy,d5), then No(Psn,,ds) < Ni(Py). (ii) If Psy,(d7) has
positive entries, then Ny(Ps.y,,d?) < Ni(P,).

(9) Assume ON;/ddy < 0 and ON;/ddy > 0 at Py. (i) If AA(1 —a?)/d > 0 and
Ps n,(dy) has positive entries for dy € [d, day), then Ny(Ps, Nyy d3) > N3 (Py).
If Ps n,(d2) has non-positive entries for some dy € [d5,dap), then No(Pr,n,) >
N3 (Py). (ii) If Psn, (d) has positive entries, then Ny(Psn,,d?) > N (Py). Oth-
erwise, Ni(Pryn,) > N (Py).

(h) Assume ONy/ddy < 0 and ON;/0dy < O at Py. (i) Ni(Pryn,) > Ni(Py). (ii)
If Ps n,(d}) has positive entries, then Ny(Psn,,d}) < Ny(FPy). (iii) If AA(1 —
a?) /5 < 0 and Ps n,(dy) has positive entries for dy € [d5, dyp), then No(Ps n,, d5) <
N3 (Py).

Theorem 2. Assume A < 0. Let p* denote a parameter set such that Py has positive
entries and let di and dj denote the predator mortality rates. Denote the entries
of Py by [Ri(Py), R5(Py), Ny(Py), N3 (Py)]. Let di; < df < dy, denote the range
of di values such that N (Py) and N3 (Py) are nonnegative for all other parameters
fized at p*. Let dyy < di < dayp, denote the range of dy values such that Ny (Py)
and N3 (Py) are nonnegative for all other parameters fized at p*. Let Py, (d;) =

(R} (P3N, d;), R5(Ps N, dj), N*(PgN ,d;)] denote the solution to ]% dﬁl =0, R12 df =
0 1 dNJ

N, @ 0} where the mortality rate of N; is d; and all other parameters are fived

at p*. Note that P, (d;) may have non-positive entries. Denote the entries of the
boundary equilibria Pr,n; for p* by [Ri(Pr,n;), Nj(Pr,n;)]. Let § = —ONy /0dy(Py)

(a) Assume ON{/Od; < 0 and ON3/Ody > 0 at Py. (i) If Psn,(d5) has positive
entries, then No(Psn,,ds) > Nj(Py). Otherwise, Ny(Pr,n,) > Nj(Py). (ii) If
AA(1 — a?)/§ < 0 and P3n,(d1) has positive entries for dy € [dy,,d], then
Ni(Ps ny, di) > Ni(Py).

(b) Assume ON;/0d; > 0 and ON;/0d, > 0 at Py. (i) Then Ny(Pgr,n,) > Nj(Py)
and No(Pr,n,) > N3(Py). (i) If AA(1 —a?)/§ > 0 and Psn,(d1) has positive
entries for dy € [dy;,di], then Ny(Psn,,d?) < Ni(Py). (iii) If Pspn,(d}) has
positive entries, then No(Ps n,, d3) < Ni(Py).

(¢c) Assume ON{/0dy > 0 and ON;/0dy < 0 at Py. (i) If Psn,(d2) has positive
entries, then Ny(Psn,,ds) > Nj(P,). Otherwise, No(Pr,n,) > N3 (Py). (i) If
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AA(1 —a?)/§ > 0 and P3n,(dy) has positive entries for dy € [df,dy 4], then
Ni(Ps Ny, dy) > Ny(Py). If Psn,(di) has non-positive entries for some dy €
[d?,dlﬁ], then Nl(PRlNl) > NI*(P4)

(d) Assume ONY/ddy < 0 and N5 /ddy < 0 at Py. (i) No(Pryn,) > N3(Fi). (ii)
If Psn,(d5) has positive entries, then No(Psn,,ds) < N3(Py). (iii) If AA(1 —
a?)/d < 0 and Ps n, (dy) has positive entries for dy € [df,dy 4], then Ny(Psn,, d}) <
Ni(Py).

(e) Assume ON{/0dy > 0 and ON;/0dy < 0 at Py. (i) If Psn,(d}) has positive
entries, then Ny(Psn,,dt) > Ni(Py). Otherwise, Ny(Pg,n,) > Nj(Py). (ii) If
AA(1 — a?)/§ < 0 and P3n,(d2) has positive entries for dy € [doy, d3], then
N(Ps n, d3) > N3 (Py).

(f) Assume ON;y/ddy > 0 and ON;/ddy > 0 at Py. (i) Then Ni(Pr,n,) > Ni(P))
and No(Ppr,n,) > Ny (Py). (i) If AA(1 —a?)/6 > 0 and Psn,(ds) has positive
entries for dy € [dyy,d5], then No(Psn,,ds) < Ni(Py). (ii) If Psy,(d7) has
positive entries, then Ny(Ps.y,,d?) < Ni(P,).

(9) Assume ONY/0dy < 0 and ON3/0dy > 0 at Py,. (i) If Psn,(d}) has positive
entries, then Ny(Psn,,d;) > Ni(Py). Otherwise, Ny(Pr,n,) > NF(Py). (ii) If
AA(1 — a?)/§ > 0 and Psn,(dy) has positive entries for dy € [d},day), then
No(Psny,ds) > Ni(Py). If Psn,(dy) has non-positive entries for some dy €
[d;,dzh], then N(PRQN2) > N;(PZL)

(h) Assume ONY/ddy < 0 and ON5/ddy < 0 at Py. (i) Ni(Pr,n,) > N (Fy). (ii)
If Ps n,(d}) has positive entries, then Ny(Psn,,d}) < Ny(FPy). (iii) If AA(1 —
a?)/6 < 0 and Py n,(ds) has positive entries for dy € [d5, dap], then No(Ps iy, df) <
N3 (Py).

Proof. Due to the similarities of the proofs, we will only prove (a) from theorem
1. To help with presentation of the proof, we redefine the notation for P,. Let
Py(dy,dy) = [R;(dy,ds), R3(dy,ds), Ny (dy,ds), N3 (dy, ds)] denote the coexistence equi-
librium where all parameters except d; and ds are fixed at p*. The coexistence equilib-
rium for p* is denoted by Py(d%, d3). Assume A > 0, ON,;/dd; < 0, and ON,/dd; > 0.
Differentiating the R; and Ry entries of P yields

oR: _ OR* _
L = —b22622/A; 2 = 521021/A;
od; od; (E1)
0R; _ —byicin/A; or _ biacia/A
od, = 11C11/ A od, = 012C12/ A.

Note that A > 0 implies AR} /0d; > 0 and R} /dd; > 0 for i # j.



E COMPARISONS OF ALLOPATRIC AND SYMPATRIC DENSITIES AND EXTINCTION SEQUEN(

Proof of a(i): Because OR}/0dy < 0, Ny /dd; < 0, and ON5/dd; > 0, as the value
of d; is increased from df to dy, h, one of following must occur: (i) Ny (dyn,ds) =0
and R;(dyn,ds) > 0 or (i) Ri(d,d;) = 0 for some d € (df, dy ).

We first show that the second case occurs if and only if Pj n,(d3) has positive
entries. Assume Ny (dy,ds) = 0 and R;(dy ) > 0. Because dy, > df, O0R3/0d, > 0,
ON3/0dy > 0, and Rj(dy ;) > 0, it must be the case that Py(d; p, d3) has exactly one
non-positive entry, namely Ny (dy 5, d5) = 0. Note that Py(dy p,d3) and P n,(d}) are
the same point. Hence, Pj n,(d;) must exist and have positive entries. Conversely,
assume P y, (d3) has positive entries. Since Py(d}, d5) exists and system (1) is a Lotka-
Volterra system, there must exist a value d; 5, such that Ny can invade for d; < d;
and NN; cannot invade for larger values of dy > dy ;. At dy = dy , Ni(dyp,d;) =0 and
the equilibria Py(dy p, dy) and Ps n,(d5) are the same point. Hence, N (dyp, ds) =0
and R (dyp,, d) > 0.

Assume Pj n,(d3) has positive entries. Because Ny (dyp,d3) = 0, Ri(dyp,ds) >
0, O0R;/0d; > 0 and ON;/0d; > 0, we have that N;(dj,d5) < N3(dyp,ds) =
Ny(Ps.n,, d3). Alternatively, assume R (d,d5) = 0 for df < d < dy,. When dy = d,
the coexistence equilibrium satisfies

dy d
d, dy) = =
R2< ’ 2) baaCao biacio
Ny (d, dz) = 0_12[7”2 - k2R2(d7 d2)] - C_ZNZ (d7 d2> (EZ)
Ny (d, dz) = 0_22[7”2 - kZRz(dv d2)] - 0_22N1 (d> d2>

Note that setting Ni(d, d;) = 0 in the above yields the boundary equilibrium Pg, .
Thus, because ON;/0d; > 0 and d > d;, we have that No(Pr,n,) > Ni(d,d;) >
N (dS, dg). )

Proof of a(ii): Assume AA(1 — a?)/§ < 0. Because OR;/0d; < 0, OR;/dd, > 0,
ONy/0dy < 0, and ON3/0d; > 0, as the value of d; is decreased from dj to dy,, one
of following must occur: (i) N5 (dy;,d5) = 0 and R5(dy,d5) > 0 or (ii) Ry(d,ds) =0
for some d € (dy;,d;). Similar to the proof of a(i), the former occurs if and only if
P; n, (dy) has positive entries for dy € [dy, dj].

Assume Ps y, (dy) has positive entries for dy € [dy, dj]. Because Nj(dy,d5) =0,
Ri(dy,,d5) > 0, Ry(diy,dy) > 0 and ONy/0d; < 0, we have that Nj(dj,d;) <
Ni(dyy,ds) = Ny(Psny,,di;). Because Ni(Psy,,d;) is an increasing function of d
when AA(1 — a?)/6 < 0, we have Ni(d:,di) < Ni(diy,di) = Ni(Psny,dig) <
Nl(PS,NydT)- ]
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Appendix E.3 Extinction sequences induced via increased mor-
tality

The proofs of the theorems in the previous section are based on the sequences of
extinctions that occur via large increases or decreases in predator mortality. Here,
we use that theory to explore some of the nonintuitive effects that arise via large
increases in mortality.

Throughout we focus on increases in the mortality rate of one predator. We denote
the perturbed predator by N; and the unperturbed predator by Nj. As the mortality
rate d; is increased, eventually one prey or predator species will go extinct. Which
particular species goes extinct first is determined by the relative abundances of the
species at the coexistence equilibrium, the derivatives (C1) through (C4), and the
analogous derivatives of the prey equilibrium densities (equations (E1) in the proof
theorem 5). There are three possibilities: (1) the perturbed species (IV;) goes extinct
first, (2) one of the prey species (R or Ry) goes extinct first, or (3) the unperturbed
predator (Nj) goes extinct first. Subsequent extinctions may occur as d; is increased
further. In the following we list the sequences of extinctions that occur as d; increases.
Note that we do not consider cases where one predator species cannot exist in the
absence of the second predator; see next subsection.

Case 1: Perturbed predator (/N;) extinction occurs first. In this case,
the perturbed predator goes extinct first as its mortality is increased. When the
perturbed predator goes extinct, one of the prey species may also go extinct via
competitive exclusion or apparent competition. After the perturbed predator goes
extinct, no further changes in equilibrium densities occur as d; is increased. Mathe-
matically, after the perturbed predator goes extinct, the system will converges to one
of the allopatric equilibria of the unperturbed predator (Pg, n,, Pry.n,, OF P3N, ). A
necessary condition for this case to occur as d; increases is ON; /od; < 0, i.e., the
perturbed predator does not exhibit a hydra effect.

Case 2: Prey extinction occurs first. In this case, one of the two prey species
goes extinct first. When that prey species goes extinct, it causes the perturbed preda-
tor to also go extinct. Thus, only the other prey species and the unperturbed predator
remain. Further increases in d; do not affect the system. Note that mathematically,
the two predator species can coexist with the remaining prey species at the bifurca-
tion point where the first prey species goes extinct. However, for our Lotka-Volterra
model this coexistence is structurally unstable because any infinitesimal increase in
d; will cause the perturbed predator to go extinct.

Case 3: Unperturbed predator (N;) extinction occurs first. In this case,
increases in the mortality rate of the perturbed predator (d;) cause the unperturbed
predator to go extinct first. If the perturbed species does not exhibit a hydra effect,
then the perturbed predator will coexist with both prey species after the unperturbed
predator goes extinct. Alternatively, if the perturbed species does exhibit a hydra
effect, then the perturbed predator will coexist with only one prey species after the
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unperturbed predator goes extinct. In either case, further increases in the perturbed
predator’s mortality rate will eventually drive the perturbed predator to extinction.
Extinction of the perturbed predator allows for the unperturbed predator to invade
the system and coexist with one or both prey species. Further increases in d; do
not affect the system. A numerical example illustrating the extinction sequence that
occurs when the perturbed predator exhibits a hydra effect is presented in Figure 6 A
of the main text.

Mathematically, a transcritical bifurcation occurs between P, and Ps y; when the
unperturbed predator (N) goes extinct. As discussed in appendix B, Ps y, is a saddle
point equilibrium when N; exhibits a hydra effect in the full system and is stable
otherwise. Thus, if N; exhibits a hydra effect in the full system, then the system will
converge to either Pg, n, or Pp, n,. Note that for a < 1, N; cannot exhibit a hydra
effect in the three-species subsystem (for a < 1). Thus, further increases in d; drive
the equilibrium density of N; to zero, which then allows for the invasion of Ny.

Appendix E.4 Existence dependent on coexistence

In some regions of parameter space, one predator cannot coexist with either prey in
the absence of the other predator. As noted in the main text, in these cases there is
always at least one positive indirect effect when using comparisons of allopatric and
sympatric densities (method 3). Below we present the mathematical conditions for
when N; cannot exist in the absence of Ny and vice versa. Note that the following
cannot occur under traditional resource partitioning.

N; cannot exist in the absence of N,: This occurs when P, exists and in the
Ry,Ry,Ni-subspace (i) the Pg,y, equilibrium can be invaded by R; and (ii) the equi-
librium point with only R; present (ri/k1,0,0,0) cannot be invaded by Ry or Nj.
Note that together these conditions imply that Pg,n, and Py, do not exist in
the positive orthant. The conditions on the parameters are byjjciiri/ky — dy < 0,
6120127"2/]{?2 —d; > 0, (l//q > k’ﬂ“g/k?g’f‘l, aq < ]{?27"1/,{?17"2, a < 1 and

0 < %(PRQM) = (1 — diky aq) _cur (1 — diky > (E3)

6R1 biaciam C12 biac1amo

Since we need 0 < g_gi(PR? ~, ), this phenomenon can only occur under defense-based
partitioning when V; is more sensitive to prey defense (A > 0).

For the special case where N; cannot attack the more defended prey (c;; = 0), the
above conditions simplify to ¢1; = byic1; = 0, biaciare/ka — dy > 0, a/q > kyra/kory,
aq < kory/kire, and a < 1. A particular parameter set satisfying these conditions is

r = k‘l S 0.5;T2 = kg = 0.6;611 = 0;612 = 1.5;621 = 17, Coo = 18,

(E4)
di1 = 0.54;dy, = 0.8;a =0.98;¢ = 0.97
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The result also holds for ¢;; < d;.

N, cannot exist in the absence of N;: This occurs when P, exists and in the
Ry, Ry, Ny-subspace (i) the Pgr,n, equilibrium can be invaded by R; and (ii) the
equilibrium point (ry/k1,0,0,0) cannot be invaded by Ry or N,. Note that together
these conditions imply that Pg,n, and P;n, do not exist in the positive orthant.
The conditions on the parameters are bojco1r1/ky — do < 0, a/q > kyra/kori, ag <
kg?“l/k?ﬂ“g, o< 17 and

OR dyaqk dok
0 < —2(Payn,) = 11 (1_ 201q 1) _CaiTy (1_ 22 ) (E5)

3R1 baaCaaty C22 baaCaato

Under the above conditions, (r;/k1,0,0,0) is the only stable equilibrium in the
Ry, Ry, No-subspace. This phenomenon only occurs under defense-based partition-
ing when N, is more sensitive to prey defense (A < 0).

For the special case where Ny cannot attack the more defended prey (co; = 0), the
above conditions simplify to co; = bgjca; = 0, booCoora /ke — dy > 0, ao/q > kyra/kory,
aq < kyry/kire, and o < 1. A particular numerical example is

r = ]{?1 == 1.2;7”2 = k?g = 3, C11 = 0.54;012 == ]_, Co1 — 0, Co9 — 24,

(E6)
di = 0.44:dy = 0.7, = 0.94; ¢ = 0.85

The result also holds for positive co1, provided co; < 0.67.



