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Appendix A: Derivation of the mass balance constraint and of zero-net-growth 

isoclines. 

The model consists of a system of three ordinary differential equations describing the 

rates of change of grazer biomass density G, algal biomass density R, and mineral nutrient 

concentration N (see parameter definitions in Table 1): 
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The grazer and algae equations are described in the main text of the manuscript. In the 

nutrient equation the five terms describe, respectively, the rates at which mineral nutrients 

enter and leave the system, are taken up by growing algae, and are recycled from algal 

nutrients ingested but not assimilated by grazers and from grazer losses. Grazer and algal 

biomass dynamics can be expressed in units of nutrient: 
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The dynamics of total nutrients in the system Ntot equals the sum of eqs. (A.1b), (A.2b) and 

(A.3): 
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Total nutrients are in equilibrium ( )0=dtNtot  when intot NN = . Eq. A.4 can thus be 

rewritten as  
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where intottot NNn −=  is an initial displacement of total nutrients from equilibrium. 

Thus, any initial displacement totn from equilibrium decays to zero at rate totDn−  and 

total nutrients approach 

inGRtot NGQRQNN =++= . (A.6) 

Eq. (A.6) shows that the system is asymptotically mass balanced, i.e. the sum of nutrients 

in the algal, grazer and mineral nutrient compartments equals the nutrient supply 

concentration Nin as time goes to infinity. 

The algal isocline can be derived by rearranging eq. (A.6) and substituting the resulting 

expression N = Nin – QRR – QGG into eq. (A.2a) at equilibrium: 
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Solving eq. (A.7) for G yields two solutions for the algal isocline 
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Only one of the two solutions in eq. (A.8) is biologically meaningful, i.e. only subtraction 

of the root fulfills the mass balance constraint ( ) GRin QRQNG −≤ . 
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The grazer isocline can be found by solving eq. (A.1a) for R at equilibrium: 
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which yields 
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