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APPENDIX D. Theoretical proof of the proposed unbiased algorithm in coverage-based 

rarefaction.  

 

Theorem D1: Consider the following resampling procedure: take m +1 individuals without 

replacement from a given reference sample of size n, and record the number of singletons in this 

new sample. Then given the species sample frequencies },...,,{ 21 SXXX  in the reference sample, 

one minus the average proportion of singletons in a resample of size m +1 is an unbiased estimator 

of  mĈ  (m < n) under this sampling probability model. This estimator is the unique minimum 

variance unbiased estimator based on resample frequencies. 

Proof: If we select m+1 individuals without replacement from the given data },...,,{ 21 SXXX , then 

the species frequencies },...,,{ 21 SZZZ  in the resample of size m+1 follows a generalized hyper-

geometric distribution: 
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The marginal distribution of the frequency Zi  follows a hyper-geometric distribution with 

probability function: 
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The expected number of singletons is then  
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Then the proportion of singletons in a resample size of m+1 is equal to 
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It follows from Theorem B1 that m
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, where I(.) is an indicator function, 

and the expectation here is taken with respect to the probability model in Eq. D.1. This proves that 

our proposed algorithm is unbiased. From the Rao-Blackwell and Lehmann-Scheffé Theorems 

(e.g., Casella and Berger 2002, p. 347 and p. 369), our estimator is the unique minimum variance 

unbiased estimator of the sample coverage under the sampling model in Eq. D.1.  
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